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Abstract Microtubules (MTs) are important cytoskeletal
polymers engaged in a number of specific cellular activities
including the traffic of organelles using motor proteins,
cellular architecture and motility, cell division and a
possible participation in information processing within
neuronal functioning. How MTs operate and process
electrical information is still largely unknown. In this paper
we investigate the conditions enabling MTs to act as
electrical transmission lines for ion flows along their
lengths. We introduce a model in which each tubulin dimer
is viewed as an electric element with a capacitive, inductive
and resistive characteristics arising due to polyelectrolyte
nature of MTs. Based on Kirchhoff’s laws taken in the
continuum limit, a nonlinear partial differential equation is
derived and analyzed. We demonstrate that it can be used to
describe the electrostatic potential coupled to the propa-
gating localized ionic waves.
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Introduction

The cytoskeleton is a major component of all living cells.
It is made up of three different types of filamentous
structures, including actin-based filaments, intermediate
filaments (e.g. keratin) and tubulin based microtubules
(MTs). All of them are organized into networks, which are
interconnected through numerous proteins, with specific
roles to play in the functioning of the cell. MTs are hollow
cylinders with outer diameter of approximately 25 nm.
Their lengths vary but commonly reach 5-10 um. They are
comprised of exclusively 13 parallel protofilaments in vivo.
These protofilaments are strongly bound internally and are
connected via weaker lateral bonds to form a sheet that is
wrapped up into a tube following the nucleation process
(Chrétien et al. 1995) (see Fig. 1).

Each tubulin monomer of the MT lattice has a short C-
terminal helix H12 followed by a highly acidic amino acid
sequence projecting out of the MT outer surface called a
tubulin tail (TT). The TTs are short polypeptide sequences
of 4-5 nm length when completely outstretched, protrud-
ing from the MT surface into the solution. They are
essential for MT interactions with MT associated proteins
and motor proteins.

Jimenez et al. (1999) determined the helicity of o (404—
451) and f (394-445) tubulin C-terminal recombinant
peptides with the use of NMR spectroscopy. The a-tubulin
TT amino acid sequence is EEVGADSVEGEGEEEGEEY.
The o-TT is 19 amino acids long and possesses ten nega-
tively charged residues. The situation in the f-tubulin C-
terminal domain is even more interesting. Jimenez et al.
found a helix there, which is nine amino acids longer than in
o-tubulin. This suggests an extension into the protein, sup-
porting the possibility of a functional coil-to-helix transition
at the TT zone. The f-tubulin TT helix H12 is formed by
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Fig. 1 Sketch of a MT cylinder with characteristic dimensions and
o—f dimers clearly discerned

amino acid residues (408—431) but it seems that the
reversible transition between coil and the helix comprising
the last nine amino acid residues (423-431) from S-TT helix
(with sequence QQYQDATAD) could either increase or
decrease the length of H12, at the same time changing the
PB-TT length, as has been recently demonstrated using
molecular dynamics simulations on human beta tubulin C-
termini by Luchko et al. (2008). The corresponding residues
(432-445) contain the 14 amino acids EQGEFEEEEGE
DEA with nine negatively charged residues (E, A). At
neutral pH the negative charge on a TT causes it to remain
extended due to electrostatic repulsion within the tail
(Tuszynski et al. 2005). Under more acidic conditions the
negative charge of TTs is partially neutralized by associated
counter-ions condensed on them. The effect is to allow the
p-TTs to acquire a more compact form by folding (see
Fig. 3). This is probably the largest structural effect in MTs
which occurs due to change in the cell’s pH. This fact will be
of great importance in our model, with respect to the vari-
able effective electrical capacitance of MTs.

The detailed charge distribution on the tubulin surface
was calculated by Tuszynski et al. (2005), leading to the
determination of an electrostatic potential around tubulin
within a MT. It exhibits non-uniformity along the MT
radius with a peak and a trough corresponding to every
protofilament and the area between them, respectively.
This fact plays a crucial role in our modeling of MTs as a
“cable” conducting 13 parallel currents comprised of ionic
flows. Keeping in mind that MTs are mostly negatively
charged, especially on their outer surface, they can be
referred to as polyelectrolyte polymers. This is based on
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the fact that numerous amino acids forming tubulin have
many negatively charged residues under physiological
conditions, especially those located on TTs. Since a suffi-
ciently high surface charge density is present on the MT
surface, Manning’s theory (1969) can be applied to deter-
mine the conditions for the solution’s positive counter-ions
to “condense” on the surface of a MT. Thus, every MT
should attract positive counter-ions near its surface, while
negative ions of the cytosol are repelled such that a
cylindrical depletion area around a MT is created. The
thickness of this depleted area is defined by the so-called
Bjerrum length, which is the distance from the MT surface
at which the Coulomb energy of the screened surface
charges equals the thermal energy:

&2

— = kgT. 1.1
47T808£B B ( )
Here, e is the charge of an electron, &, the permittivity of
vacuum, ¢ the relative permittivity of cytosol, and kg is
Boltzmann’s constant. At a physiological temperature of
310 K and taking ¢ = 80, it is easy to find from Eq. 1.1
that:

g = 6.7 %107 9m. 1.2
B (

Counter-ion condensation along MTs occurs when the
average distance between the intrinsic negative surface
charges is smaller than /.

The idea to examine MTs in the context of polyelec-
trolyte features was inspired by the experimental and
theoretical results obtained earlier for actin filaments (Lin
and Cantiello 1993; Tuszynski et al. 2004). From Figs. 2
and 3 it is clear that the surface of a MT filament is very
rough due to the presence of TTs. We assume that the flow

I nm

4.5 nm

Fig. 2 Tubulin dimer charge distribution according to Tuszynski
et al. (2005), with TTs and characteristic dimensions
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Fig. 3 Top shrinking of -TT
as a result of increased
counterion condensation.

It brings about the variable
capacity of a MT as a whole.
Bottom the conformation of TTs
at (left) low pH and (right) high
pH values

Low pH (acidic)

channel

Fig. 4 Sketch of the channel connecting inner and outer surfaces of a
MT

of ions along MTs, caused by the concentration gradient
and by intrinsic electric fields created by the protein’s
charge distribution, should be mostly channeled through
potential valleys (troughs) running parallel to each of the
13 protofilaments. The walls of valleys include TTs whose
flexibility could significantly affect ionic current flows. In
addition to the presence of TTs, it is important to note that
the globular shape of tubulin dimers results in the creation
of small pores representing channels that connect the inner
and the outer surface of a MT (see Fig. 4).

These channels could be thought of as candidates for
additional leakage of ions which would then be able to
rectify currents along the depleted (Bjerrum) cylindrical

Neutral pH

layer around a MT. Recent experimental evidence (Priel
et al. 2006) indicates that MTs could act as biopolymer
transistors clearly amplifying input electrical signals. It is
our objective in this paper to propose a model which pro-
vides an explanation of these peculiar properties of MTs
and their possible role in information processing. We will
follow the same theoretical approach first outlined in
Tuszynski et al. (2004) for actin filaments, but it will be
applied to MTs with special attention placed on their spe-
cific structural features.

The paper is organized in the following way: in Sect. “The
model of MT as a nonlinear electric transmission line” we
introduce the model of a MT as a nonlinear electric trans-
mission line segmenting it into elementary rings. In
Sect. “Modeling MT as nonlinear RLC transmission line”
we derive and analyze a nonlinear differential equation for
the local electrostatic potential coupled to the ionic wave
propagating along a MT. Section “The impact of the cell’s
intrinsic electric fields on the dynamics of AKs in MTs”
demonstrates the possible role of cell’s intrinsic electric
fields in the dynamics of localized ionic waves propagating
along MTs. Section “Conclusion and discussion” presents a
discussion and conclusions regarding this important physical
mechanism in terms of the cell’s electrical activity brought
about by the presence of MTs and their effects on ions.
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The model of MT as a nonlinear electric transmission
line

We start from the fact that a MT with condensed counter-
ions is separated from the rest of the ions in the bulk
solution by a depleted layer which plays the role of a
dielectric medium located between MTs and the bulk
solution. This depleted layer provides both a resistive and
capacitive component for the electrical characteristics of
protofilaments that make up the MT. The injected ions are
expected to flow at a radial distance from the surface of the
MT with the thickness of /5. We will also estimate the
inductive component of ionic waves due to 13 parallel
currents and show it to be negligible compared to the other
impedance components.

The estimation of elementary capacitance of a MT ring

In a continuum model we treat the MT as a polyelectrolyte
represented by a volume which is bounded by a charged
cylindrical surface in contact with an electrolyte (cytosol)
whose dielectric constant is assumed to be time-invariant
and uniform. In this case Poisson’s equation is an appro-
priate physical description and it has the form:

vy =L,

(2.1)
&pé

where p is the volume charge density at any point in the
cytosol and ¢ is its relative dielectric constant. The charge
density p results from the presence of counter-ions and co-
ions. These are assumed to satisfy a Boltzmann distribution
function. This means that in a solution containing ng
dissociated molecules of salt (for example NaCl) the
number n; of counter-ions (Na™) with charge z; = e at a
distance r from the MT cylinder axis is given by the
expression:

eV
ny(r) = ngexp (kBT) ,

since z; and V have opposite signs. The number of negative
(CI") ions is:

(22)

Vv
ny(r) = ngexp (_keB—T) . (2.3)
This implies the total charge density given by:
(r) = nge|—ex v + ex _ev
PRI = ™t ) TP\ Tk
Vv
— 2nesinh keB—T . (2.4)

Using this result in Eq. 2.1 yields the Poisson-Boltzmann
equation (PBE):
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2nge . eV
= sinh| — |.
g0€ kgT

This nonlinear differential equation can be brought into a
more compact form by introducing two dimensionless
variables:

vV

(2.5)

eV r

l// = kB_T and x = 5’ (26)
where the Debye length D is defined as:
eoekgT
D=,/ . 2.7
2n,e? (2.7)
It gives:
V2 (x) = sinh[(x)]. (2.8)

In the Debye—Hiickel approximation it is assumed that
eV < kgT or y < 1, so that Eq. 2.8 can be linearized by

the approximation sinh[/(x)] = /(x). Thus PBE in
cylindrical coordinates now reads:
1d/ dy d?y  1dy
——lx— = —+-———yY=0. 2.9
xdx(xdx> Voo et i 29)

On the surface of the MT cylinder we have: xo = R/D and
Vo = eVo/ksgT, where R = 12.5 nm. The solution of PBE,
Eqg. 2.9 is a modified Bessel function of zero order denoted
by Ky(x), so we have:

V() = cKo(x)

where ¢ is the constant of integration. The above Bessel
function does not oscillate and behaves asymptotically like
exp[—x] as x — oo. From Eq. 2.10 one has:
dy

e —cK; (x),

(2.10)

(2.11)

where K;(x) is the modified Bessel function of the first
order. Using the relationship for the electric field:

_ kgTdV

~ eDdx

we have:

(W) - e E
Nax) ., dneeksTe = 87N

where ¢ represents a scaled charge parameter of a MT, L is
the length of a MT and Ne is the total surface charge of the
same MT, Fig. 5.

Returning to the variable r, the above equations yield:

o) — 26DK,y (rﬁ)-
#¥1(5)

(2.12)

(2.13)
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Fig. 5 MT cylinder with a depleted layer with the thickness equal to
Bjerrum length (5

This equation in the case of low ionic strengths (/D — 0)
behaves like — In(%), and hence we obtain the solution of
PBE as:

V(r) =

eN 0 r
ez D) = = 1n<5). (2.14)
The first term corresponds to the potential due to the
surface charge of a MT and the second term (InD) to the
potential due to the counter-ions. The potential difference
between the MT surface cylinder and the outer cylinder of
the depleted zone at a distance ¢y is therefore given by:

Q g
AV =~ In{ 1+ 2.15
2megel n( + R ( )
The capacitance of a MT is defined by C = TAVT giving
the total value for a MT: AV
2me,eL
C=—7" (2.16)

153
In (1 + R)

Taking as an elementary capacitor Cy a ring of 13 tubulin
dimers with the length £ = 8 x 107° m, and using &, =
8.85 x 10712 F/m, and ¢ = 80, with the above values for
¢y and R, we find the first part of the ring’s capacitance
from Eq. 2.16:

cl) =6.8 x 107'0F = 0.68 fF.

In the same way, considering an extended TT as a cylinder
with length /- = 4.5 nm and radius Rc = 0.5 nm we cal-
culate an additional capacity C§” for n = 13 x 2 = 26 TTs
contained in the same elementary ring composed of 13
dimers as above (see Fig. 0).

Using the same formula, Eq. 2.16, we obtain:

25 26 x3.14 x 80 x 8.85x 1071? x 4.5 x 107°

(
“ In{ 1 —|—E
0.5

=0.64 x 107" F = 0.64 {F.

F

Thus, treating the two contributing capacitances to be
connected in parallel, the total maximal capacity of the
elementary ring is found to be:

Co=c+c) =132x1075F. (2.17)

Fig. 6 Elementary ring of a MT with characteristic cylindrical
capacitors and corresponding dimensions

We have already stressed that the increase of negative
voltage should increase the concentration of positive
counter-ions. These ions additionally condense on the
surface of a MT and on TTs. This causes $-TTs to shrink
diminishing their effective length /¢ and thus the capacity
C. We may initially at least assume that this effect is
linear with respect to the applied voltage. This observation
is of crucial importance to the development of an appro-
priate model of MTs as nonlinear transmission lines for
ionic currents.

The estimation of effective inductance of a MT ring

We start from the assumption that a current / along the MT
can be conceived as a sum of 13 thin parallel wires along
every protofilament (see Fig. 7).

If we calculate the resulting magnetic field in the loca-
tion R < r <R + /g, we have to add the 13 components
together. Due to the radial symmetry present, we found that
the total flux of the magnetic field through area A = ¢-/y is
given as follows:

_ Mot (3 1 s
*=" {R+2I" k)|

where [, stands for the ionic current along a single
protofilament and R4 is the radius of a protofilament
(tubulin dimer). Using Faraday’s law, we readily find the
induced voltage as:
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Fig. 7 The diagram for
estimation of flux of magnetic
field around a MT brought about
by 13 currents [, along
protofilaments

- d(D_ d[()_ ,Ltog 3£B 1 fB dIo
E=—a~Lta =& Ta"U*r) o

which brings about the inductance of a MT ring:

L:'u_oé{%+lln(l +€B>}.

— 2.1
T R 2 Rd ( 8)

Inserting the set of parameters: { = 8§ nm, R = 12.5 nm,
Rq= 4nm, /g = 0.67 nm, uy=4n x 1077 H/m, we obtain:

L=8x10""H = 0.8fH. (2.19)

Modeling the longitudinal and transverse resistance
components

Recently published accurate measurements of individual
MTs using the electro-orientational method performed
in vitro by Minoura and Muto (2006) produced the value
of MT conductivity:

o =(0.15+0.01)S/m. (2.20)

If we now take that the resistivity within the depleted
cylindrical shell around a MT with thickness /g is homo-
geneous, the longitudinal resistance of the elementary ring
withlength ¢ =8 x 10~° mandareaA; = 27R /g (see Fig. 8)
is expected to be:

R

e EZRREB
B 8 x 107
©0.15x 21 x 12.5 x 1072 x 0.67 x 109

Q=10°Q.
(2.21)

The transversal resistance of the same ring R, is calculated
by the same formula, but the length of each resistor is now
{g and the area A, = 2nR ¢, giving:

R, =7 x10°Q. (2.22)

@ Springer

Fig. 8 Elementary ring of a MT with characteristic areas A; and A,
pertaining to resistivities Ry and R,

Modeling MT as nonlinear RLC transmission line

On the basis of the above estimates for the resistive com-
ponents of the elementary ring of a MT we are now able to
develop and analyze an electrical model by applying Kir-
chhoff’s laws to the series of elementary rings envisaged to
represent coupled electrical circuits. We expect a potential
difference between the MT charged surface with con-
densed counter-ions and ions located along the coaxial
cylinder at a distance of one Bjerrum length away. These
“Bjerrum ions” are responsible for the creation of 13 time-
dependent currents which generate the inductance L, Eq.
2.19. In series with L one should insert a resistive com-
ponent R, Eq. 2.21 (see Fig. 9).

In addition to the above components there is also a
cylindrical capacitance Cj, Eq. 2.17 connected in series
with transversal resistivity R,, Eq. 2.22, acting between the
“Bjerrum ions” and the surface of a MT. We have already
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Fig. 9 An effective circuit diagram for the nth elementary ring
between the doted lines

pointed out that the capacitance C, should change with
an increasing concentration of counter-ions due to the
flexibility of S-TTs. It implies that the charge on this ele-
mentary capacitor varies in a nonlinear way with voltage,
much like the charge-voltage relation for a reverse-biased
diode junction (Wang et al. 1999). Thus we take for the nth
MT ring:

0, = Co(Vn (3.1)

where b is expected to be small (bV,, < 1) since the change
of the area of -TT is small compared with the outer surface
of the corresponding dimer. From Kirchhoff’s laws, on the
basis of Fig. 9, if I, is the current through the inductance L
and the resistor R, and I,,_; is the other current ﬂowing
along AB, the current through line DB should be I, — I,,_;.

Thus for the section BC of the nth MT ring we obtain:

—bV2),

L + I,R
dr 1

where v, and v, are the voltages across AE and CF,
respectively. Similarly, if the voltage across the variable
capacitor Co(V, —bV?) is V, + Vo, where V, is the bias
voltage of the capacitor, we have:

Vyp = RZ(In—l _In) + V() + Vn.

Vi — Vpy1 = L— (3.2)

(3.3)

Moreover, the current through the section BD should be
found as the rate of change of Q,:

do,
dr -

Ly —1I, = (3.4)

From Eq. 3.2 we have

dl,_;
L dnt =Vp1—Vv,—I,_1R; and
dr,
LE =Vy — Va1 — LRy

and including it in Eq. 3.4 we find
d*Q,
199
dr?
Substituting v,, 1, v, and v,_; from Eqs. 3.3 to 3.5 one
obtains

= Vgl + Vo1 — 20, + Ry (In - Infl)- (35)

2

L;l [Co(Vu = bV2)] = Vst + Vi — 2V,
—RICQd( —bV7)
Rl 2L (v, —pv2) — L, bV?
—R:Cy $( = n)—&( w1 —bVi)
d
- a(v,,,1 - bv,f_])}. (3.6)

Bearing in mind that voltage V,, changes gradually from
ring n to its neighbors, we can safely expand V, in a
continuum approximation using a Taylor expansion
in terms of a small spatial parameter ¢ (the length of a
dimer):

AN AN G m
Vel = Viz<a>+5(@>

AN G AN AN &Y%
iﬁ(@)*ﬂ(@)i““

We discarded terms on the order of ¢° and ¢° since
£ ~ 033 x 107* m’ is a very small value. The above
expansion leads to the following relation:

e AN AN G MY
2 —_ —_—
Vi1 — 2V + Vo l—é( >+12(a )

o2
Inserting Eqs. 3.7 and 3.8 into Eq. 3.6 yields:

(3.7)

(3.8)

0* o (VN Y
LCoatz(V bV?) =1 (a 2) +E(@)

0 5 of ,(*V\ ¢ [d'V
a(V bV)+R2C06 |:£ <62>+— w

o'V v\ ¢t [ty
202 202 1%
(56) +2o(&) 6(5)
44 CAYCAAWNACilY !
x ) \ o 2 \ Ox2
The above derivation closely parallels an analogous deri-
vation for actin filaments whose details can be found in
Tuszynski et al. (2004).
Considering that the time variations of the local voltage
V are small compared to the constant background voltage

Vo, we can safely assume that the time derivative is of the
order of the small parameter ¢ as well as the nonlinear

—RCo—

0
— Ry Cob—
2Coby

(3.9)
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voltage terms bV? are of the order ¢2. Thus Eq. 3.9 can be
vastly reduced by collecting only the leading terms:

o'V [V o[, (Vv
LCy—=V*| — | + RyCo= | * | —=
Co o ¢ (axz) + 2C06t{€ (8}62)}

ov ov
—R — +R 2bV—.
1Cog, T RG22V

(3.10)
Taking into account the values of L and Cy, Egs. 2.19 and
2.17, it is clear that the factor LC, ~ 107 is
exceedingly small and hence the second derivative term
can be safely ignored. Moreover, since R; > R, the term
proportional to the factor R, C, can also be discarded
bringing Eq. 3.10 into its final form:

o’V v GL%
>~— —R,Co— + R, Co2bV— = 0.

ox2 ot ot (3.11)

As a first step we can linearize this equation taking b — 0,

which yields b — 0, thus getting
2 VoV

R, Cy ox2 ot

(3.12)

This simply represents Fick’s law of diffusion with a
coefficient of diffusion
2

¢
D= =0.8 x 107'%m?
RCe X m-/s,

a value that, for example, falls within the experimentally
observed range (Albriton et al. 1992) for calcium waves in
intracellular calcium dynamics from endoplasmic reticulum.

The spatio-temporal voltage function in Eq. 3.12 follows
the diffusion of ions along the MT. The solution of this
equation is a well-known Gaussian wave packet that
spreads with time according to:

2

1
R,Cp\?
Vi, 1) = Vo[ 2 expd — [—— (3.13)
7'5621‘ 2¢ \2
2(5%)

We now analyze Eq. 3.10 by introducing a set of
dimensionless variables as follows:

X t f

—=1; =1 =1 — VT

Y R,C

. =0 , v (3.14)
"W UTRG T T

Here, v is the actual propagation velocity of ionic waves
while vy is the maximum value of the propagation velocity
in a given medium.

The characteristic velocity of ionic waves is found to be

_ 8 x 107?
109 x 1.32 x 1015

Vo (m/s) = 6 (mm/s), (3.15)
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and is two orders of magnitude greater than the velocity of
calcium waves in bulk cytoplasm (Wang et al. 2004).
However, since v <vy (Vo < 1) this appears to be a
reasonably accurate estimate which is likely to correspond
to the velocity of MT-guided ionic waves in vivo. In terms
of the new variables in Eq. 3.14, the nonlinear partial
differential equation of (3.11) now becomes an ordinary
differential equation which reads:

&ew - dw dw

— 4+ vo— — 2w VobW—- = 0. 3.16
a2 +vo az 0Vo a4z ( )
Integrating it once we easily find that:

dw

d—i-f—VoVV—V()V()bVV2 =Cq. (3]7)

Interestingly, the same form of a differential equation can
be found to describe the thermophoresis of biopolymers in
solution (Braun and Libchaber 2004) where temperature
changes linearly with distance (T = T, + ox)

j Ddc Drc(1 )dT const
= -—D— — c —C)— =
J i T 1 )

(3.18)
where c(x) is the polymer concentration function, D is the
diffusion coefficient, Dt is the thermal diffusion coeffi-
cient, and j is the steady-state current density of the
polymer. This is the basis for a thermal force scenario
proposing that life might have originated in pores, driven
by gradients of temperature and electrical potential at
hydrothermal mounds developed over submarine seepages.
Moreover, if ¢; =0 in Eq. 3.17, it reduces to the same
mathematical form describing the logistic equation of
population growth (Strogatz 1994).

In order to determine c; in Eq. 3.17 we impose the
natural initial condition of the type

dw

d_fz —A<07 for

W =0.

Separating variables in Eq. 3.17 and factorizing it, we have

aw aw
- —al+1 3.19
— /W_Wz u +Incy, (3.19)
where
1
AVob\?
Win=— |14 (144 d
127 2bV, <+ Yo >] . (3.20)

o= (W] — Wz)V()V()b > 0.

The integration of Eq. 3.19 with the initial conditions:
E=0 = W=0, yields:
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Fig. 10 The anti-kink profile of ionic potential propagating with
small velocity along MT

1 — exp(a&)

(3.21)
W
| ()

Let us consider the interesting case of slow waves with

velocities vy obeying the inequality

4AVob
Vo

> 1, (3.22)

which implies that Eq. 3.21 becomes

>2tanh(oc§)7 o = 2(AbVowo)L.

1=

WO(é) - (bV()VO

(3.23)

This is a symmetric anti-kink (AK) represented graphically
in Fig. 10.

In order to examine Eq. 3.17 with respect to its stability

we start from a slightly distorted trial solution of the form

W=Wy+0 6KW.

Inserting this trial solution into Eq. 3.17 we readily obtain

d*s do dW0>
— +vo(l —=bVy)— — bVyé = 0. 3.24
Gt = o - (G2 )ove (3.24)
Since the inequalities
dWy
bV, 1; ——<0
0K s dé

always hold, this clearly indicates that the AK of Eq. 3.23
represents a robust stable front of propagating ionic wave
as shown in Fig. 10.

The impact of the cell’s intrinsic electric fields
on the dynamics of AKs in MTs

Satari¢ et al. (1993, 2007) and Satari¢ and Tuszynski
(2003, 2005) developed the ferroelectric model of MTs
with oppositely charged ends as giant dipoles arising as a
consequence of the fact that every tubulin dimer possesses
an intrinsic electric dipole (see Fig. 11) that becomes
compensated by the dipoles of its neighbors only partially.

These ferroelectric features of MTs lead to the conclu-
sion that every MT has an intrinsic, almost constant,
electric field E whose magnitude depends on the environ-
mental pH conditions and the MT length. This field gives
rise to an additional potential Vj,. In this context the
dimensionless Eq. 3.16 cab be analyzed numerically by
taking into account V.

If we judiciously choose the set of parameters:

Vin
vo=0.1, vbVy = 0.05, L= 0.4,
Vo
we have the resultant equation in the form
&*w dw dw
+0.1— - 0.05W—-+0.1 = 0. 4.1
dg d¢ dé (1)

Taking the initial conditions as

daw

d_é(o) = —-0.5,
we calculate the trajectory for the center of the AK as a
function of the dimensionless time represented graphically
in Fig. 12.

This figure shows that the AK is initially driven by
acceleration and after t = 50(z ~ 0.5 us) it attains a con-
stant terminal velocity Vo= 0.1 (v = 0.1 - vg & 600 pm/s)
which is reasonably close to the experimentally determined
values for waves of Ca>" ions.

We further assume that certain intrinsic alternating
electric fields (IAEF) can be elicited in the cell’s com-
partments. It was already suggested earlier that such fields
can originate from the oriented (vicinal) water molecules
which form an electric dipole field occurring on either side

W(0) =0

[ ] T/
/)/)/)/)/)/

— [}

+/\) \)\)\)\)\)\)\‘
NN

\’) ’)

+Q+

Fig. 11 Ferroelectric features of a MT. The charged tips bring about
a constant intrinsic electric field £
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Fig. 12 The trajectory of the center of AK under the action of
constant intrinsic electric field, Eq. 4.1

of the cell membrane. Del Giudice et al. (1988) have
proposed that electromagnetic fields arising from the
coherent oscillations of the above-mentioned water mole-
cules represent signals comparable in size with the
dimensions of the cell’s MTs. It is potentially of major
significance that MTs themselves may be a source of
oscillating electric fields in living cells as discussed by
Pokorny et al. (2005). We can safely assume that the
associated dimensionless driving force has a wavelength
greater than the average MT length and it harmonically
depends on the dimensionless time 7 as follows

Vwr(1) = Ag cos(Qt + @), (4.2)

where A is the amplitude, Q is the frequency and ¢ is the
initial phase of the potential of the water field (WF). Using
the same parameters for the homogeneous part of Eq. 4.1 as
those used before, and taking Ag = 0.5, Q = 0.5 and ¢ = 0,
we have

d’w dw dw
+0.1— — 0.05W——-+ 0.1 = 0.5 cos(0.57).

d—éz K K (4.3)

e, fime
50 100 150 200

15 F

20 F

25 F
position
Fig. 13 The trajectory of the center of AK subjected to constant and

harmonically changeable intrinsic electric fields, Eq. 4.3

@ Springer

A numerical solution of the above equation produces a
trajectory of the corresponding AK as shown in Fig. 13.

We have again found similar characteristics of the uni-
directional AK motion with the same average velocity but
now superimposed with harmonic oscillations around the
center of the AK.

Conclusion and discussion

A new model for ionic currents along MTs has been pre-
sented in this paper with a strong emphasis on the concept
of a MT as a polyelectrolyte. The background for the
model is the molecular structure and geometry of a MT and
its interaction with solvent ions. In this context the MT
cylinder with brush-like TTs surrounded by ions from
cytosol is represented as an electrical transmission line
with R, C and L elements whose values have been esti-
mated using the available experimental data and known
geometry. The important feature of the nonlinearity of MT
capacitance has arisen naturally from the structure of f-
TTs. As a result, the nonlinear second order differential
equation for the electric potential propagating along the
MT was evaluated. The traveling wave solution of this
equation, Eq. 3.16, is a localized front profile of the AK
type. This front resembles a so-called “nano-tsunami” and
it propagates with a velocity which has been estimated to
be reasonably close to the experimental findings, for
example for waves of Ca®" ions elicited by endosome
reticulum compartments. These AKs appear to be stable
and robust against perturbations. The remaining part of the
paper has been dedicated to the possible impact of the
cell’s endogenous (intrinsic) electric fields on the dynamics
of ionic AKs. It appears that the velocity and direction
of propagation of an AK could be tuned by changing
the parameters of the above-mentioned fields (i.e. their
amplitude, frequency and phase). It is our hope that the
model developed here will provide a better insight into the
still unknown roles of MTs in the cell’s information pro-
cessing capabilities.
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